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SUSLIN HOMOLOGY OF RELATIVE CURVES WITH MODULUS 


KAY RULLING AND TAKAO YAMAZAKI 


Abstract. We compute the Suslin homology of relative curves with modu¬ 
lus. This result may be regarded as a modulus version of the computation of 
motives for curves, due to Suslin and Voevodsky. 
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1. Introduction 

Let R be a variety over a field k. The relative Suslin homology Hf{X/B) of 
a R-scheme X is introduced in |SV96[ §3] and is computed when A ^ R is a 
relative curve that admits a good compactification ([SV961 Thm. 3.1]; see also 
[Lic93) l. This result is later interpreted as a computation of motives of curves in 
Voevodsky’s triangulated category of motives [VoeOPl Thm. 3.4.2]. 

In the present note we introduce Suslin homology Hf{X/B,D) with modulus 
D (see Def. 13.ip . Here R is a smooth fc-scheme, A —>■ R is a proper fc-morphism, 
and D is an effective Cartier divisor on A such that U := A \ |R| is smooth 
and equidimensional over k. When R = Specfc, the definition of Hf{X/B,D) is 
due to S. Saito and is studied in |KSYa| . There is a canonical homomorphism 
Rf (A/R,R) —^ Hf{U/B) (see 13.41 dH])), but it is usually far from being bijec- 
tive. Our main result describes Hf{X/B,D) when A —>■ R is a relative curve (see 
Remark 14.51) : 

Theorem 1.1. Let S be a smooth connected k-scheme, C an integral normal k- 
scheme, and p : C ^ S a proper k-morphism. Suppose that the generie fiber of p is 
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dimensional, that U := C\ \D\ is smooth over k, that p\u : U ^ S is affine, and 
that D is contained in an affine open neighborhood in X. Then we have 


Hf{C/S,D) 


Pic(C, D), if i = 0, 

0 , */*>!■ 


Here Pic(C,I?) denotes the relative Picard group (see EZF- 


By comparison with [SV96] . we find that the canonical map Hf [C/S, D) 
Hf(U / S) is bijective if D is reduced. Our proof of Theorem ll.ll is. however, totally 
different from |SV96| (or from [Lic93) l. Indeed, in loc. cit. the starting point of the 
proof (for reduced D) is the homotopy invariance of Pic(C,I?), which is no longer 
valid if D is not reduced. Our proof is rather reminiscent of m Thm. 4.3]. 

Actually we shall show a slightly more general result, see Theorem l4.41 We expect 
that our result will be interpreted as a computation of “motives with modulus” for 
curves, just like the case for “motives without modulus”. 


Acknowledgements. The authors thank Florian Ivorra for interesting discussions 
around Theorem 11.11 and Helene Esnault for inviting the second author to the FU 
Berlin with her ERG Advanced Grant 226257. As noted above, the definition of 
the Suslin homology with modulus is originally due to Shuji Saito. We thank him 
for his permission to use his idea. 

Convention 1.2. By convention a fc-scheme is a scheme which is separated and of 
finite type over a field k. We denote by CDiv(X) the group of Cartier divisors on 
X. If £) is an effective Cartier divisor we denote by jUj its support. If X and Y 
are /c-schemes we write X xY = X x^Y. 


2. Relative finite correspondences 

2.1. We recall a criterion for the pullback of an Cartier divisor to exist. Let X 
be a fc-scheme and D a Cartier divisor on X. Let f : Y —>■ AT be a morphism of 
fc-schemes and assume that f{Ass{Ox)) C X \ \D\, where Ass(Ox) denotes the set 
of associated points of X, (e.g. Y is integral and f{Y) is not contained in |D|). 
Then the pullback f*D exists as a Cartier divisor. (Indeed, we may assume that 
D is effective and then it suffices to show that the pullback of a local equation of 
H to E is a regular element. This is a local question so let y G E be a point, 
X = f{y) and d € Ox,x be a local equation of D. By assumption the image of d 
under /* : Ox,x —t C>Y,y is not contained in an associated prime of Ov.y, hence is 
regular, see |Mat891 6.].) 

The following definition is reminiscent of the modulus condition introduced in 
[BE03] and in its more general form in |BSj . 

Definition 2.2. Let A be a /c-scheme and D, E effective Cartier divisors on X. 
Then we write 

D v*D < v*E, 

where v : X ^ X \s the normalization and v*D, v*E is the pullback of Cartier 
divisors. (Recall that u is the composition UiXi —A UiXi —^ Ared X, where 
L is the closed immersion of the reduced scheme underlying A, the Xi are the 
irreducible components (with reduced scheme structure) of A^ed and Vi ■ Xi ^ Xi 
is the normalization of Xi in its function field.) 
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Versions of the following proposition can be found e.g. in [KP121 2.]. 

Proposition 2.3. Let X be a k-seheme and D, E effective Cartier divisors on X. 

(1) D < E D ^ E. 

(2) If E is another effective Cartier divisor on X, then 

D ^ E and E ^ F =4> D ^ F. 

(3) Let n be a positive integer. Then 

nD -< nE D ^ E. 

(4) Let f : Y X be a morphism of k-schemes and assume that f{Ass(Ox)) C 
X \ (|_E| U |-D|). Then the pullbacks f*D and f*E exist as effective Cartier 
divisors fsee \2. 1\) and 

D <E^ f*D -< f*E. 

Furthermore if X is irreducible and f : Y ^ X is proper and surjective 
then this ’<= ’ implication also holds. 

(5) Let Z be a normal k-scheme and g : X ^ Z be a finite and surjective k- 
morphism. Then the pushforwards g^,D and g^:E exist as effective Cartier 
Divisors and we have 

D ^ E g^D -< gt,E. 

Remark 2.4. Warning: D < E and E ^ D does not imply D = E. If V is reduced, 
the kernel of u* : CDiv(V) —>■ CDiv(V) is given by H°{X, see [Gro671 

Prop (21.8.5)]. 

Proof. Let X^ed = CiXi be the decomposition into irreducible components (with 
reduced scheme structure). Then by definition of the normalization we have D ^ E 
iff D\Xi Y E\Xi^ for all i. Hence we can assume that the schemes X, Y and Z in the 
statements are integral fc-schemes. The statements m and (ED are immediate and 
(|3D follows from the fact that on a normal scheme the natural map from the group 
of Cartier divisors to the group of Weil divisors is injective. We prove ’=>’ of (jlD. 
The question is local on Y. We may therefore assume that f '■ Y —)• X is induced 
by a homomorphism between integral /c-algebras tp : A ^ B and D — div((i), 
E = div(e), with d,e € A\ {0}. Then D ^ E means that the element e/d € k(X)^ 
is integral over i.e. there exists an n > 1 and G A with 

(e/d)" + a„_i(e/d)"“^ + ... + oq = 0 in k(X) 

e" + a„_ide"“^ + ... + ood" = 0 in A. 

By assumption ip{e),(p{d) G B \ {0}. Applying g) to the equation above yields 
that ip{e)/ip{d) G k(Y)^ is integral over B. Hence f*D -< f*E. For the other 
implication notice that f : Y ^ X also induces a proper, and surjective map 
between the normalizations of X and Y. Therefore we can assume that X and Y 
are normal and integral. Furthermore the question is local on X. Hence we can 
assume X = Spec A is affine and D = div(d), E = div(e) as above. Since Y is 
normal, f*D -< f*E is equivalent to f*Ox{D — E) C Oy- Applying H^{Y, —) we 
obtain e/d G H^fY^Oy). Since / is proper, H^{Y,Oy) is a finite A-module. It 
follows that e/d is integral over A. The normality of A gives e/d G A, i.e. D < E. 

Finally for ([SD we first notice that the Cartier divisors gt.D and g^^E exist by 
[Cro671 Def (21.5.5)]. If C/ C ^ is open and on g~^{U) we have D = div(d) then 
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= div(Nm((i)), where Nmfc(x)/fe(z) : k(X) —>■ k(Z) is the norm map. It follows 
from this formula that we have {g o v)^:V*D = where v : X ^ X is the 

normalization. Since the pushforward (5 o u)* preserves the ordering on CDiv(X) 
the statement follows. □ 


Definition 2.5. Let X and Y be A:-schemes and D and E effective Cartier divisors 
on X and Y, respectively. Assume that U = A\|Z3| and V = y\|i?| are smooth and 
equidimensional over k. Denote by Cor({7, V) the group of finite correspondences 
from U to V, i.e. the free abelian group generated on prime correspondences from 
U to V, i.e integral closed subschemes S C U x V which are finite and surjective 
over a connected component of U (see e.g. |MVW06l Def 1.1]). The group of finite 
correspondences from (A, D) to (Y, E) is by definition the subgroup 

Cor((A, D), (Y, E)) C Cor(C/, V) 

generated by those prime correspondences S C U x V which satisfy 
(2.5.1) 

where S' C A x Y is the closure of S and D-g and E}g denote the pullback of D and 
E along the projections S ^ A x Y X and S ^ X x Y ^ Y, respectively, see 

EB 

Remark 2.6. There is a choice in (|2.5.1|1 . one could also ask for the other inequality 
Our choice is made in such a way that in case A is smooth and connected a 
finite correspondence a G Cor((X,E), (Y,E)) induces maps 

a* : H\Y,Oy(E)) ^ H\X,Ox{D)) 


and 


a, : H\X,TTxik) Ox{-D)) -G H\Y,TTy{k) Oyi-E)), 

where ttx '■ X Spec k and tt-^ : Y —> Spec k are the structure maps. (Notice 
that since A is smooth we have ir'xk = 0']^™'’'^[dim A].) Indeed ii a = S C U x V 
is a prime correspondence these maps are defined as follows: Let S' C A x Y be 
the closure of S and u : S —>■ S its normalization. Since the natural map induced 
by projection px : S ^ A is surjective and generically finite we have a natural 
map Cpx : Og — P'x^x at our disposal, see e.g. [CRl Prop 2.6]; by adjointness we 
obtain a map px* ■ Rpx*Og -G Ox- Then we define a* as the composition 


H\Y,Oy{E)) ^ W{S,Og{Eg)) 

H\S, Og{Dg)) ^ H\X, {Rpx*Og) Oo, Ox{D)) 

px* 


gH\X,Ox{D)). 
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Similarly, we define a* as the composition 

H\X,TT'x{k) Ox{-D)) H\S,p*x{^'xk) Osi-Dg)) 

^ H\S,p'x{Ox) 005 P*xi^xk) 0 O 5 Osi-Ds)) 
0 o, Osi-Ds)) 

H\S,7r'-^ik) Osi-Eg)) 

= H\Y,Rpy*Py{'^y^) ®Oy Oy{-E)) 

g^(r,4(fc) 0ov- Oy{-e)). 

Here for the isomorphism in the third row we use tt^ = p'xT^'x — P'xi^x) ®Ox Lp*x- 
If TTjf and xy are projective, then a* and a* are dual to each other. If we chose in 
(12.5. ip this V’ relation, then we have to switch the signs in front of D and E for 
the maps above. 

Definition 2.7. Let H be a A:-scheme, X^Y H-schemes and D,E effective Cartier 
divisors on X, H, respectively. Assume that U = X \ \D\, V = F \ |i?| are smooth 
and equidimensional over k. Then we denote by 

CorB((A,D),(F,ii;)) 

the subgroup of Coi{{X, D), {Y, E j) which consists of all cycles whose support is 
contained in the closed subscheme X XbY C X x Y. 


Proposition 2.8. Let B he a k-scheme, X,Y,Z B-schemes and D,E,F effective 
Cartier divisors on X,Y,Z, respectively. Assume that U = X \ \D\, V = F \ |A| 
and W = F\ |F| are smooth and equidimensional over k and that Y is proper over 
B. Then the usual eomposition of finite correspondences Cor(C/, V) x Cor(F, IF) ^ 
Corfu, W), {a, j3) ^ fi o a (see |MVW06l 1.]^ restricts to a morphism 

( 2 . 8 . 1 ) CorBiiX,D),{Y,E)) X CorBiiY,E),{Z,E)) ^ CorBiiX,D),iZ,F)). 


Proof. Let S C U XbV and T C V XbW he prime correspondence from (A, D) to 
(Y,E) and from (Y,E) to {Z,F), respectively. Let i? C S' Xy T be an irreducible 
component and denote by piSxyT <ZU XbV XbW —J-I/x^IF the natural map 
induced by projection. (It is finite.) Then the prime correspondences appearing in 
T o S are {p(i?)}fl, where R runs through all irreducible components of S Xy T. 
Hence we have to show that p[R) lies in Cor b{{X, D),{Z, F)). Denote by S C 
X Xb Y C X X Y and T CY Xb Z <ZY x Z the closure of S and T, respectively, 
and by i? C S x y T the closure of R. By definition we have E-g -< D-g and Fjr -< Ej^. 
By the first part of (IH of Proposition 12..81 we have 


^ ^ ^ ^R- 


Denote hy p : S Xy T C X x b Y x b Z ^ X x b Z the natural map induced by 
projection. Since F is proper over B so is p. Hence p^-j^ : R p{R) is proper, 
surjective and generically finite. By the second part of (|4]) of Proposition 12.31 we 
get 


i.e. p{R)e Cor b{{X,D),{Z,F)). 


□ 
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Corollary 2.9. The composition defined in (12.8.11) is associative in the obvious 
sense. Furthermore, if X is a B-scheme and D is an effective Cartier divisor on 
X such that X \ |Z1| is smooth and equidimensional over k, then the graph of the 
diagonal Ax G X x b X naturally defines an element in Cotb{{X, D), (X,D)). If 
X is proper over B, then 

CotbUX, D) , (y, E)) ^ Cotb{{X, D) , (y, E)) 

is the identity, where Y is a B-scheme and E is an effective Cartier divisor E on 
Y such that Y \ \E\ is smooth and equidimensional over k. IfY is proper over B, 
then similarly is the identity. 

Proof. This follows immediately from the corresponding properties of the compo¬ 
sition for the usual finite correspondences between smooth fc-schemes. □ 

Remark 2.10. Let / : A —)• y be an alteration between integral i3-schemes and 
assume that there is an effective Cartier divisor on y such that U := X \ \ f*E\ 
and V := Y \ E are smooth and / restricts to a finite map f\u : U ^ V. Denote 
by r C [/ X V the graph of fiu and by T* C D x U its transpose. Then we have 

r G CoTBiiX,D),{Y,E)), for all D >- f*E 

and 

‘r G CorB{{Y,E'),{X,f*E)), for all E' >- E. 

If we take E' = E and D = f*E we get 

*r o r = d ■ Ax in CorB((X, /*£;), {X, f*E)), 
where d is the generic degree of /. If / is birational, i.e. d = 1 we furthermore get 
ro‘r = Ay mCoTB{iY,E),{Y,E)). 

This all follows immediately from the definitions and the corresponding properties 
for the usual finite correspondences. 

Definition 2.11. Let S be a fc-scheme. We define Sm^Cor to be the category 
with objects the pairs {X —>■ B,D), where A —> i? is a proper A:-morphism, D is 
an effective Cartier divisor on X and A \ |D| is smooth and equidimensional over 
k; the morphisms are by definition 

Homs„,^Cor((^ ^ B, D), (y ^ B, E)) := CorB((A, D), {Y, E)). 

It follows from Proposition 12.81 and Corollary 12.91 that this defines a category. We 
set Sm*Cor := Smgpg(,;.Cor. 

For (A —>■ B, D), (Y B,E) G Sm|jCor with A \ |Z1| and Y \ \E\ smooth and 
equidimensional over B we set 

(A, D)xb (y, E) = {Xxb Y,p*xD + p*yE), 

where px : X Xb Y —^X and py ■ X Xb Y Y are the projections. It is clear 
that with this definition the full subcategory of Sm^Cor consisting of those pairs 
(A —!► B, D) with X\D smooth and equidimensional over B has the structure of a 
symmetric monoidal category with the unit element given by {B,0). In particular, 
Sm*Cor has the structure of a symmetric monoidal category. 

2.12. Recall from [LevOQl 1.1] that Cube is the category with objects given by the 
sets n := {0,1}", n = 0,1, 2,..., and the morphisms are generated by: 
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(1) Inclusions r]n,i,e ■ n n+ 1 , (ei,..., e„) M- (ei,..., ei_i, e, e„), n > 

0, i € [0,7z + 1], c ^ {0,1}. 

(2) Projections Pn,i ■ n n - 1 , (ei,..., e„) i-A (ei,..., ei_i, e^+i,..., e„), n > 
1, i e [l,n] 

(3) Permutation of factors n ^ n, (ei,..., i—>■ iea(i), ■ ■ ■, for a a 

permutation of {1,2,..., n}, n > 1. 

(4) Involutions Tn,i : n switching 0 and 1 in the i-th spot, n > 1, * £ [1, n]. 

The product of sets induces on Cube the structure of a symmetric monoidal cate¬ 
gory. The category ECube is by definition (see |Lev091 1.5]) the smallest symmetric 
monoidal subcategory of the category of sets which has the same objects as Cube 
and contains all morphisms in Cube and 


M : 2 ^ 1, 


(£i,£2) •-> 



if (ei,e2) 
else. 


( 1 , 1 ), 


We set := \ {1} := P{ \ {1} and := = (P^ \ {1})”. In the 

following we fix coordinates (P^ \ {oo})” = Spec A:[ 2 /i,..., y„]. In Sm*Cor we define 

tf:=(P\{l}), □”:=(nV”- 

Denote by : □” 0"+^ the inclusion given by iji = £ {0, ooj, for £ £ 

{0,1}. Denote by : □" —>• the projection omitting the i-th factor and 

by □(ct) the permutation of the factors given by D{a)*{yi) = j/o—i(i)- 

Finally denote by : □" □" the morphism which is the identity on all 

factors except the z-th factor, where it is induced by the unique isomorphism of P^ 
which fixes 1 and switches 0 and oo. It is straightforward to check that the graphs 
of these maps define elements 

aipn,i,e) e Cor(n”, □”+'), £ Cor(n”, □”■'), 

□ (a) £ Cor(n”,n”), £ Cor(n",n”) 

and that we obtain in this way a strict monoidal functor, in particular a co-cubical 
object, 

□ : Cube ^ Sm*Cor, uhaD”. 

Finally using the fc-isomorphism P^ \ {1} ^ A^, which sends 0 to 0 and oo to 1 we 
dehne □(/£) as the composition 


□ (/r) : - A2 Ai - Db 

Let □(/r) C (P^)^ X P^ be the closure of the graph of □(/!). If we write (P^\{oo})^x 
(Pi \ {oo}) = Spec 2 / 2 , z], then 

□ (2i)n(P^\{oo})^ X (P^\{oo}) = Spec A:]//!, 2/2, 2;]/((2:- 1 ) 2 / 12 / 2 -(2/i-l)(y2-l)z). 

Hence if we denote by pi : □(/z) —>■ P^, z = 1, 2, 3 the three projections we obtain 
the following inequality of Cartier divisors on the smooth scheme □(/z) 


P{({1})+P;({1}) = 

({1} X pi X {!}) ({1} X {0} X pi) -h (Pi X {1} X {!}) ({0} X {1} X pi) 

> ({1} X pi X {!}) + (Pi X {1} X {!}) = piai}). 


Thus 


□ (/z) £ Cor(rf,nY 
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It follows that the functor □ extends to a strict monoidal functor 
(2.12.1) n : ECube ^ Sni*Cor. 

2.13. Let S' be a smooth equidimensional fc-scheme. We set 

n 

CTs :=n” X S := ((pi)" X S, x {1} x (P^)”-*) x s). 

i=l 

This is an object in Sm^Cor, where the structure map (P^)" x S —>• S is given by 
the projection. If we take the cartesian product of the correspondences 
□ □(cr), □(Tn,i), □(p) in 12.121 with the diagonal A 5 C S x S we obtain 

correspondences 

e Cors(n^,nr'), □s(Pn.,) G Cors(□ g,Or'), 

□s(a) G Cors)^^,^^), □s(r„..) G Got s{O^s,'^s), Os{^l) G Cors(n|,ns). 

This clearly induces a functor 

□s : ECube ^ Sm^Cor. 

3. Relative Suslin homology with modulus 

The following definition is a modulus version of relative Suslin homology defined 
in [Wool §3]. 

Definition 3.1. Let S be a smooth equidimensional fc-scheme and {X/S,D) G 
SmgCor. For n > 0 set 

Cr^iX/S, D) := Cor5(ns, (X, D)). 

Bv l2.13l we obtain an extended cubical object in the sense of |Lev091 1.5] 
ECube°PP (abelian groups), n M- Cn{X/S,D). 

We set 

n 

C^iX/S,Df-s^ ■.= Y,Mas{Pu,^)o : Cr,-i{X/S,D) ^ CniX/S,D)), 
Cn{X/S, D) := Cn{X/S, D)/CniX/S, 

and 

^n,^,e ■.= as{Vu-l,^,e)o : Cn{X/S,D) ^ Cn-liX/S,D). 

We denote by {C,{X/S, D),d) the complex with differential given by 

n 

=^(-l)*(a„..,oo -a„..,o) : Cn{X/S,D)^Cn-i{X/S,D). 

i=l 

Finally for i G "Z we denote by 

Hf{X/S,D) ■.= H,{C,{X/S,D),d), 
the i-th Suslin homology of {X/S, D). If S' = Spec k we simply write 

Hf{X,D) :=Rf(A/Specfc,D). 
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Remark 3.2. Notice that by definition an integral correspondence Z G Cn{X/S,D) 
can be identified with an integral closed subscheme Z C (P^ \ {1})"' x {X \ \D\) 
such that the map Z (P^ \ {1})" x S induced by X ^ S' is hnite and surjective 
and if Z C (P^)" x X denotes the closure of Z then 

n 

(3.2.1) D-z -< X {1} X (pi)”-*)_. 

i=l 

Also notice that because of this last condition Z is actually closed in (P^ \{1})" x X. 

Furthermore by definition (or convention) the group Cq{X/S,D) is equal to the 
closed integral subschemes Z C X which are finite and surjective over a connected 
component of S and are contained in X \ |Z1|. 

Lemma 3.3 (Levine). Let S be a smooth k-scheme and (X/S,D) G Sm^Cor. For 
n > 0 set 

n n 

NC^{X/S,D) := f| Ker(a„,,,o) n f| Ker(5„,,.oo). 

i—2 2—1 

Then the differential dn : CniX/S, D) —>■ Cn-i{,X/S,D) restricts to 
a„.i,o : NCn{X/S,D) ^ NC^_,{X/S,D) 
and the natural inclusion of complexes 

(NC.iX/S, D),d,,i,o) {C,{X/S,D),d) 

is a homotopy equivalence. In particular 

Hf{X/S, D) = H,{NC,{X/S, D)). 

Proof. This follows from the fact that n i-A Cn{X/S, D) is an extended cubical 
object and [Lev091 Lem 1.6]. □ 

3.4. We give some further properties of the groups Hf{X/S, D). 

(1) SmgCor (abelian groups), {X/S,D) — C,{X/S, D) is a covari¬ 

ant functor. In particular, Sm^Cor (abelian groups), {X/S,D) —>• 
Hf {X/S, D) is a covariant functor for all i. 

(2) Let CLT {X\D, n) be the higher Chow groups with modulus from |BS| which 
are the n-th homology groups of the cycle complex z'"{X\D,») defined in 
[BSl Def 2.5]. If d = dimAi, then there is a natural map C,{X,D) —>■ 
z'^{X\D,») inducing maps 

(3.4.1) Hf{X,D)^CR‘^iX\D,t), 
cf. fSVnol Conj 1.2]. 

(3) For 1 = 0, the map Hq{X,D) CH‘^(Ar|Zl) = CHo(Ai|H) is an iso¬ 

morphism. Indeed, this follows directly from the definition and the fact that 
a 1-dimensional closed subscheme in {X \ |I1|) x which intersects the 
faces of properly, has either trivial boundary or is finite and surjective 
over (Here we use that X is proper over k.) 

(4) For {X/S,D) G Sm^Cor and D' an effective Cartier divisor on X with 
\D'\ = \D\ and D' > D the identity on X induces a map {X/S,D') —>• 
{X/S,D) in SmgCor. Now let U be an ^-scheme which is smooth and 
equidimensional over k. Using Nagata compactification we find a pair 
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{X/S, D) £ SmgCor with an S'-isomorphism U = X\\D\. By the comment 
above we obtain a projective system {Hf{X/S,m ■ D))meN- We set 

■■= \^Hf{X/S,m- D). 

m 

Notice that this definition is independent of the choice {X/S, D). Indeed as 
usual this follows from the two observations: 1. Any two choices of {X/S, D) 
and {X'/S, D') can be dominated by a third object {X"/S, D") £ Sm^Cor 
withA"\|_D"| =U. 2. If {X' / S,D') (A/S', I?) is a morphism in Sm^Cor 

inducing an S-isomorphism on A' \ |_D'| ^ A \ |D|, then it also induces an 
isomorphism 

\/mHf{X'/S,m-D') ^ (A/S,m • £>). 

m m 

The latter fact follows directly from Remark 12.101 (the case of a birational 
map). 

(5) Assume A; is a finite field of characteristic ^ 2 and U a smooth and integral 
fc-scheme. Then using ([3]) above and [BSi Thm 3.3] the Theorem of Kerz 
and Saito [KS141 Thm III] can be reformulated as an isomorphism 

where W^^{U) C nl^{U) is the abelianized Weil group of U. 

(6) Let (A/S, D) £ Sm^Cor and put U = A\|II|. The relative Suslin homology 
Hf{U/S) is defined in |SV961 §3] as the homology group of a simplicial 
complex CAU/S). As usual it can be rewritten as a homology group of 
a cubical complex. Namely, by forgetting modulus in the construction of 
C,{X/S,D), one gets a complex C,{U/S) which is quasi-isomorphic to 
CAU/S). Then C,{X/S,D) is a subcomplex of C,{U/S), hence there is a 
canonical homomorphism Hf{X/S,D) —> Hf{U/S). It is not clear if this 
is bijective when D is reduced (compare [KSYbl Remark 3.5]). 

4. The main theorem 

We state the main result of this note in Theorem 14.41 below. 

4.1. We recall some notations from |SV96] and [KSYbj . For A an integral fc-scheme 
and D an effective Cartier divisor on A we denote 

O^o :=Ker(0^^0^). 

We set Pic(A,U) := H^{X,OAd)- Recall that this group can be identified with 
the group of isomorphism classes of pairs {C,a), where £ is a line bundle on A 
and a is an isomorphism ^ On- We denote by Pic(A, T>) C Pic(A, D) the 
subgroup of isomorphism classes of pairs (£, a), for which there exists an open 
subset P C A with \D\ C V and such that a is the restriction of an isomorphism 
C\v — Ov- If D has an open affine neighborhood, then Pic(A, D) = Pic(A, D), see 
|SV961 2.]. Further, we set 

G{X,D):= f| Ker(0^,^0^ J. 

x&\D\ 

We denote by A^^^ the set points x £ A whose closure {x} C A has codimension 
one. Notice that if A is normal and we write D = where the Di are the 
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irreducible components of D, and if we denote by Vx ■ k{X)^ —>• Z the normalized 
discrete valuation defined by a 1-codimensional point x G then 

G(x,n) = 

{/ G k{X)^ I Vx{f) = 0,x G with {x}r\D ^ 0, and Vx{f—1) > n*, if {cc} = Di} 

Indeed, since X is normal the condition Vx{f) = 0, for all x G X^^^ with {x}riD ^ 0, 
implies that / is regular on a neighborhood containing D (e.g. the complement of 
the pole divisor of /). Further since I? is a Cartier divisor it has no embedded 
components; hence if a function is regular in a neighborhood of D and its image in 
Od is equal to 1 in all generic points of D, then it is equal to 1 on all of D. Finally 
we denote by 

Div(X,i:)) 

the group of Cartier divisors on X with support in X \ |_D|. By |KSYbl Lem 3.2] 
there is an exact sequence 

(4.1.1) 0 H°{X, 0^1^) ^ G(X, D) ^ Div(Y, D) Prc(Y:, D) 0. 

4.2. For the rest of this note, we fix a smooth connected fc-scheme S and (C/S', D) G 
SmgCor such that: 

(1) C is integral and normal. 

(2) C —^ S is proper and the generic relative dimension is equal to 1, i.e. 
trdeg(fc(C)/fc(S)) = 1. 

(3) U = C \ D is smooth over k and 1/ —>■ S is affine. 

(4) There is an open affine subscheme of C which contains all the generic points 
of £>. 

Lemma 4.3. Under the above assumptions, we have Co{C/S, D) = Div(C,Zl). 

Proof. First recall that Co{C/S,D) is the free abelian group generated by integral 
closed subschemes Z C U which are finite and surjective over S. Since U is smooth 
and [/ —>■ S has generic relative dimension 1, Z has to be a Cartier divisor on U 
which is actually closed in C. Therefore Co{C/S,D) is a subgroup of Div(C,Il). 
On the other hand if Z C C is a prime Cartier divisor whose support is contained 
in U, then by the assumptions in 14.21 it has to be affine and proper over S and 
hence finite. Therefore its image is a reduced closed subscheme Zq C S. If Zq is 
strictly contained in S, then the dimension formula yields trdeg(fc(Z)/fc(Zo)) > 1. 
But since Z is finite over S this is impossible. Therefore Z is surjective over S and 
hence an element in Co{C/S, D). □ 

The following theorem is a modulus version of |SV96[ Thm. 3.1] (see also |Lic93j l. 

Theorem 4.4. Let {C S,D) be as Then 

C,{C/S, D) = [G{C,D) Div(C, £>)] in (abelian groups), 

where the complex on the right sits in homological degree 1 and 0. In particular, by 
(14.1.11) we have 

PiciC,D), 

0, 


Hf{C/S,D) = 


ifi = Q, 
ifi = l, 
ifi>2. 
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Remark 4.5. If D is contained in an affine open neighborhood, then 

vanishes (see [SV961 Proof of Thm 3.1]) and Pic(C,I?) = Pic(C,I?). This shows 
Theorem 11.11 

The proof of Theorem 14.41 will occupy the rest of this note. We start with some 
preliminary observations. 

5. An AUXILIARY CONSTRUCTION 

5.1. We hx the following notation for this section: Let A be a semilocal Dedekind 
domain (thus a PID) with held of fractions K = Frac(A). We denote by mi,..., 
the maximal ideals of A and by Ui,..., u,. : 1 the corresponding normalized 

discrete valuations. We hx an element s G mi ■ • ■ and a set of normalized discrete 
valuations V on K, which does not contain ui,..., 

Given a discrete valuation v on K there exists a canonical extension of v to the 
held of rational functions K{ti,..., t„), which we denote again by v, such that for 
all 0 7^ / = X]e K[ti, ...,t„] we have 

(5.1.1) u(/) = min{i;(aji,,„,i„), all A,..., i„}, 
see e.g. [Bou721 VI, §10.1, Prop 2]. 

Definition 5.2. For n > 1 we dehne Q„(A, V, s) := to be the set of all poly¬ 
nomials 

Ni N„ 

(5.2.1) / = ^•••^ a,, 

*1—0 in—0 

such that 

(1) alHi,...,f„. 

(2) aNi,...,N,^ S . 

(3) v{f/aNi,...,N„) = 0, for all v GV. 

(4) For all j G [l,n] we have f{ti,... ,tj-i,0,tj+i, ■ ■ ■ An) 7 ^ 0. 

Notice that c Qn- 

Definition 5.3. Let / G A[ti,... ,t„] be a polynomial as in (15.2.11) . Then we say 
that / has a leading coefficient if aAri,...,A„ 7 ^ 0, in which case we call aNi,...,N„ the 
leading coefficient of /. 

Definition 5.4. Let / G A[ti,... ,t„] be a polynomial and assume it satishes the 
conditions and dS]) of Dehnition 15.21 Then we denote by p{f) the unique 

polynomial which satishes 

(1) p{f) G Qn- 

(2) / = • p{f), for non-negative integers mi,..., mn- 

Lemma 5.5. Assume n>2. For j G [l,u] denote by A^^l the localization of A[tj] 
with respect to Ut^j^(mi ■ A\tj]). Ifv is a valuation on K denote by its canonical 
extension to K{tj) and set := | u £ V}. Denote by 

Lj : A[ti,. ..,tn]^ A^^^[ti,... ,tj, ... ,tn] 

the natural inclusion, where the hat ( ) means omission. In particular, A^^^ 
is a semilocal Dedekind domain with maximal ideals m^'^^ = miA^.^^, and s G 
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We denote by ([2])^'^^ the properties o, m from Definition 

I5.i?l with A, V replaced by . Then, for f € A\ti ,..., t„] we have 

f satisfies H]) and ([5]) <;=^ ^j(.f) satisfies and for all j G {l,n]. 


Proof For j G [^,n] write 


Wi Nj 


Nn. 


/“E-'-E'-Ec..,?...*‘i 


ii—0 ij—O in—0 


where 


Ni 


y,,, ,lj J,.. ,Zf 


= ^ ai^,...,ir,t]' G A[tj\ C A^^'’. 


ij—O 


We write ((Il)^'^^(tj(/)) for 'tj{f) satisfies ([T])^'^^’ etc. Then, 


~ .)>( max (iVc - ic)) • all e G [1, r], ii, ...,. ..i„ 

^ ce[l,n] // c \ L ' J' ' ' J' 

c#J 

>min(?;e(aii,....i„)) > ( max (TVc - ic)) ■ Ve(s), all e G [l,r], ii ,... ,i,,.. .i„. 

Zj=0 ce[l,n] 


Hence 


Furthermore, 


for all j G [l,n] dUK/)- 




0 


inm{ve{aNi,...,ij,...,Nj) = 0, all e G [l,r] 

ij —0 

VeiaNi,...,N„) = 0, all eG [1,7-] 

©(/). 


Hence the lemma. 


□ 


Lemma 5.6. Let f G A\ti ,..., he a polynomial. Then f satisfies properties ([T]) 
and (12) of Definition \5.^ if and only if f satisfies the following two properties: 

(1) There exist N G Z>o and gi,..., gn, h G A[ti ,..., such that 

f ■ h = {ti ■ ■ ■ tn)^ + S • (<i • • • tn)^ ^ ■ gi + ■ ■ ■ + S^ ■ (/TV- 

(2) f{ti,...,tj_i,oo,tj+i,...,tn) ^ miA[ti,...,tj,...,tn], for all j G [l,n] 
and i G [1, r], (Here f{ti ,..., tj-i, oo, tj+i,..., tn) denotes the leading term 
of f viewed as a polynomial in tj.) 

Proof. Assume / satisfies the conditions (U) and ([2 from the statement. We have 
to show that / has the properties m and @ of Definition O We prove this by 
induction over n. First assume n = 1 and write t = ti. In this case clearly ([2 of 
the statement implies ([2 of Definition 15.21 Set g{t) := t^ + s ■ t^~^ ■ gi{t) + ■ ■ ■ + 

■ 9N{t) G A[t]. Let 6 be a root of / in some finite extension L of K . By ([2 we 
have g{b) = 0 and hence the element b lies in the integral closure B of A in L. By 
the Krull-Akizuki theorem B is still a semi-local Dedekind domain. Using that B 
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is factorial and the special shape of g it is direct to check that s\b. Taking L large 
enough we can assume that all roots of / lie in B. Hence f = — sbi), with 

u G and bi G B. This implies / satisfies ([1]) of Definition 15.21 Now if n > 2 we 
observe that for all j G [l,n] the polynomials ij{f) G ..., , t„] satisfy 

the analogs of (HJ,© of the statement, where we use the notation from Lemma [^31 
(Notice that is a unit in A^^\) Hence by induction tj(/) satisfies 
of Definition 15.21 for all j G [l,n]. We conclude with Lemma [5.51 

Conversely, if / has the properties o cinci (|2p of Dofinitioii 15.2[ Thou it clccirly 
satisfies © of the statement. We show that it also satisfies ©. To this end let / 
be as in (j5.2.ip . Set M := max{A^i,..., JV„}. Then by condition © of Definition 
15.21 for all tuples (ii, ... ,in) ^ (.^i, ■ • ■, ^-n) there exist an f € [0, M — 1] such that 
— ij) = M — i and G A with G A. We 

get 


M 


(5.6.1) \ti- ■ - tnY ■ gM-t 


where 

ffM-i = 


E 

N. 

Thus / satisfies ©. 




Ul.in) 

max^ ^(N^—i^) = M- 
7 = 1 ' J J ' 


□ 


Lemma 5.7. Let f,gG A[ti ,..., t„] be polynomials. Then 

f ' g G Qn ''' f -i 9 ^ Qn- 

Proof. This ’4=’ direction is easy. We prove the other direction. Clearly / and g 
satisfy condition © of Definition 15.21 By Lemma 15.61 f ■ g G Qn implies that / • g 
satisfies the conditions ©,© of Lemma 15.61 and then also each of / and g satisfies 
these conditions. Hence / and g satisfy o, © of Definition 15.21 Furthermore if 
a, b are the leading coefficients of /, g, then ab is the leading coefficient of fg and 
we have by assumption 0 = v{fg/ab) = v{f/a) + v{g/b), for all v GV. Since //a, 
g/b have leading coefficient equal to 1 we have v{f /a) < 0 and v{g/b) < 0, by the 
formula in (15.1.11) . Hence v{f/a) = v{g/b) = 0. Thus f,g G Qn- D 

Corollary 5.8. is the free abelian monoid generated on polynomials f G Qn 

which are irreducible and are normalized such that the leading coefficient is 1. 

Proof. This follows from Lemma [5?7l and the fact that A\ti, ..., t„] is factorial. □ 


6. Proof of the main theorem 

6.1. Let {C/S,D) be as in 14.21 Let D^ed = AiDi be the decomposition into irre¬ 
ducible components. We denote by A the semilocalization of Oc at the generic 
points of D. (By assumption 14.21 (41 there is an open affine subscheme SpecH C C 
containing all the generic points of D, then A is the localization of B at the union 
of the prime ideals corresponding to these points.) In particular, H is a semilocal 
Dedekind domain. Let s S H be an equation for D, i.e. 


-D|SpecA = SpecH/(s). 
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Set U := C\ \D\ and 

V := {vx I X € C/^^With {x} fl \D\ ^ 0}, 

where we denote hy Vx '■ k(C)^ ^ "L the normalized discrete valuation corresponding 
to X. We have two maps 

(6.1.1) [/ X Ac X (Pi)" SpecA X A”, 

where j is the natural open immersion and a is the product of the natural map 
Spec C and the composition 

(6.1.2) A” = Spec/c[ti,.. .,tn]^ Speck[yi ,..., i/„] = (P A {oo})” -A (P^)”, 

where the first map is induced by yt 1 — ti. 

Let Z C Ux □" be an integral closed subscheme which is finite and surjective over 
S X □" and denote by Z C C x (P^)" its closure. In particular codim(Z, C x (P^)") = 
1. Denote by Zq C C the image of Z. Since Zq surjects onto S the dimension formula 
yields 

1 = trdeg(/c(Zo)/fc(S')) + codim(Zo,C)- 
Therefore we arrive in one of the following two cases: 

(1) codim(Zo,C) = 1 and hence Z = Zq x (P^)”. 

(2) Zo = C. 

In the second case the scheme-theoretic inverse image a~^{Z) is an integral closed 
subscheme of codimension one in Spec A x A”. Since A[ti,... ,tn] is factorial there 
is an irreducible polynomial p{Z) G A[ti,... ,tn] such that 

(6.1.3) a~^{Z) = d\v{p{Z)). 

Notice that p{Z) is only well-defined up to multiplication with an element from A^ . 

Lemma 6.2. Let Z C U x be as above. If Z G Cn(C/S, D), then one of the 
following two conditions is satisfied (with the notations from above): 

(1) codim(Zo,C) = 1 o.iT'd Zq G Cq{C/S,D) (i.e. Zq is finite and surjective over 
S and contained in U). 

(2) Zq = C and p{Z) G Qni^, V, s), with A, V and s as chosen above. 


Proof. In case codim(Zo,C) = I we have Z = Zq x (P^)". Hence (13.2.11) implies 
Zq r\ D — i), i.e. Zq c U. Now assume that Zq = C. We have to check that 


f--=p{z) 

satisfies (HJ-lIll) of Definition l5.2l In fact (|4]) is clear since we start with Z C Ux 
For (12) of Lemma 15.61 we have to show that Z does not contain a closed subset of 
the form Di x (P^)l“^ x {oo} x (P^)"“l, for some i,j. But this is excluded by 
the modulus condition (j3.2.Ill . Pulling back the modulus condition along a from 
(I6.1.1|) we obtain 


( 6 . 2 . 1 ) ^ 

By definition of / in ()6.1.3p this means that the element 


ti ‘' tj^ 


G Frac 


A[ti, ...,tn] 

(/) 


is integral over A\ti, ... ,t„]/(/). This directly translates into ([T]) of Lemma (5.61 
Hence / satisfies the conditions o and (l2|) of Definition (j5.2ll . Finally, if a; G 
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with {cc} r\ D ^ 0 we want to show that Vx{f/a) = 0, where a is the leading 
coefficient of /. We may assume a = 1 and hence we have to show Vx{f) = 0. Take 
y G {x} n \D\ and set B := Oc,y and V := SpecB. Denote by Cy(f) C k(C) the 
_B-submodule given by 

Cy (/) = {c e k(C) I c • / G B[ti, 

Then Z Xcx(pi)" {V x -A”) is the closed subscheme of Speci3[ti ,... ,tn] given by 
the ideal Cy{f) ■ f ■ B[ti,... ,tn]- Since the leading coefficient of / is equal to 1, 
we have Cy{f) C B. The modulus condition (j3.2.1l) tells us in particular that 
Z n {\D\ X □") = 0. Hence Z Xcx(pi)" ({y} x (A^ \ {0})") = 0. If m C H denotes 
the maximal ideal this means that 

hif) ■ f ■ . ■. ,t^^] ^ B[tt\...,tt^] 

m • B[tf^,tn^] m • B[tf^,tn^] ’ 
i.e. there exists an element b G Cy{f) C B and Mi,..., M„ G Z such that 
(6.2.2) b-f€ ■ • ■ C") ■ Hx + xaB[tt\ 

Now write / as in (15.2.11) (with aNi,...,Nn = !)■ We claim that Mi = W for all i. 
Indeed, (I6.2.2p yields that b ■ aMi,...,M„ € B^. li Dj is an irreducible component 
of D passing through y and with generic point rjj, then we have a natural map 
B C>c,r;j and hence b ■ G particular G which 

by ([T]) of Definition 15.21 is only possible if Mi — Ni. Since = 1 (16.2.21) 

yields that b G B^ and hence Cy(/) = B. If tt G Oc,x is a local parameter then we 
obtain 

• Oc,x = {c G fc(C) I C • / G Oc,x[tl, ■.■,tn]}^Cy{f)- Oc,x = Oc,x, 
i.e. Vx(f) = 0. This proves the lemma. □ 


Proposition 6.3. Denote by Cn{C/S, the free submonoid of Cn(C/S, D) gen¬ 

erated by prime correspondences. Then with the notation from \6.1\ above there is 
an isomorphism of monoids for all n > 1 

(6.3.1) Cn{C/S,Dy^ ^Co{C/S,Dr^ (B{Qn{A,V,s)/A^), 


which is given by 


Z gU X DA (integral) 


Zo, 

p{Z) mod A^, 


tfZ = ZoX (Pi)", 

else. 


Proof. The map is well-defined by Lemma 16.21 It is clearly injective and surjects 
onto the generators of the first factor. Let / G Qn{A,V,s) be a non-constant 
irreducible polynomial. Then with the notation from 16.11 it defines a point (/) G 
Spec A X A” and we denote by Z the closure of a((/)) in C x (P^)” and set Z := 
j~^{Z). We claim 

(6.3.2) ZGCn(CIS,D). 

Then clearly p{Z) = / mod A^ and the surjectivity follows from Corollarv l5.8l We 
prove (16.3.21) . Since / satisfies (jU of Definition [521 we see that Z is not empty and 
is henceforth an integral closed subscheme of codimension 1 inside U x Since / 
is non-constant Z surjects onto C. Further the property ([2]) of Definition [521 implies 
that Z does not contain closed subschemes of the form Di x (P^).i“^ x {oo} x (P^)”“.i, 
for any i, j. Hence there is no irreducible component oi ZG{Dx (P^)") which maps 
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to oo S under any of the n projections. Thus it suffices to check the modulus 
condition (13.2.11) after pulling Z back along the composition 

C X A" C X (Pi \ {cx)})” -A C X (Pi)’^. 

To this end write / as in (15.2.11) : we may assume aNi,...,Nr, = 1- Property ([3]) of 
Definition [321 then implies that there exists an open subset V C C with D CV such 
that G Oc{V). (Here we use that C is normal.) Set M := maxjA^i, ..., Nn} 

and denote by rjj G D the generic points. Then by (dJ of Definition 15.21 the 
map to zero in 0(^M-i)-D,r)j for ah j and all tuples (H,..., with max"^j^(iVj—= 
M — i, for some i G [0, M — 1]. Since D has no embedded components, this implies 
that G H°(y, Oc(—{M — i) ■ D)), for these tuples (ii,..., in)- Therefore, 

a V' C V is an open affine subset on which D is given by an equation a one 
gets a similar equation as in (15.6. ip and concludes that t\ - ■ -tn jo is integral over 
0{V')\ti, ■ ■ ■ ,t„]/(/). This directly translates into the modulus condition (13.2.11) 
over V' . Since V <Z V was arbitrary the modulus condition holds in general. In 
particular Z is closed in C x and hence is proper over S' x Since U ^ S 
is affine so is Z —>■ S x □" and therefore Z is finite over S x Then Z is also 
surjective onto S x □” for dimension reasons and hence Z G Cn{C/D). □ 


6.4. Let / G Qn+i be a non-constant irreducible polynomial and write / as in 
(15.2.11) . Then for j G [1, n -f 1] and e G {0, oo} we define the correspondence 

Z,-,(/)gCo(C/S,D)'^s 

as follows: For a prime correspondence Z G Co{C/S,D) denote by vz ■ k{C)^ —)• Z 
the corresponding normalized discrete valuation; it extends canonically to valua¬ 
tions on k{C X □") and on k{C x see 15.1.11 Then 

zUf)--= E i-Mf) + bjAf)z)-z, 

zeCoicjS.D) 


with 

hj,e{f)z ■■= vz{f{ti ,..., + tn)). 

(By convention we put oo -I- 1 = oo. We also use the notation from Lemma 15.61 1 
Notice that bjJf)z > m\n{vz(au )} and hence —vzif) +biJf)z > 0, for 

all Z. Also for u G we have Z-^f] = Zj,e{uf). H f = U^fi ^ Qn+i with 
fi irreducible then we set Zj^^{f) = Zj,e{fi)- By Corollary 15.81 this yields a 
morphism of monoids 

Z,,,:Qn+i/A^ ^Co{C/S,D)-^. 

Denote by (Q„+i/A^)sp the group generated by the monoid Qn+i/A'^ . Then we 
obtain a group homomorphism 


Z,-, : (Q„+iMX)sP ^ Co(C/^, D), f/g ^ Z,M) - ZjAg)- 


Lemma 6.5. The following diagram commutes for all n > 1, j £ [Ijii] and e G 
{0,oo} 


Cn+l{C/S,D)- 

16.3.11 

Co(C/5,D)©(Q„+i/AX)gp 


di 


■Cn{C/S,D) 

116.3. H 


Co{C/S,D)(B{Qn/A^)sP, 
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where the lower map is given by 


M- 


ZjAf/g) 


p(/(^i) ■ • ■) 1) 1 ) ■ • ■) ^n)) 


g(ti, . . . ,tn+l) J V I ■ • ■ I —1! 1 "1“ I ■ • ■ I ^n)) , 

with as defined in \6.4\ and p{f) as in Definition \ 5.4\ In particular the 

following diagram commutes: 


Ci{C/S,D)^ 


do-d^ 


■Co{CIS,D) 


(Z,f(t))^Zi o(f)-Zi oo(/) 

CoiC/S, D) 0 {Qi/A^ )gP -±ZI121 - Co{C/S, D). 


Proof. Let Z G Cn+iiC/S, D) be a prime correspondence. If Z = Zq x with 
Zo e Co{C/S, D) a prime correspondence, then 9^(Z) = Zq x D". Therefore Z i-A 
di{Z) translates under (16.3.11) into (Zo,0) i-A (Zo,0). Now assume Z dominates 
C and set / := p{Z) with the notation from (16.1.31) (this is well defined up to 
multiplication with an element from Denote by Z' C 1/ x (P^ \ the 

image of Z under the isomorphism 

(6.5.1) 1/ X (Pi \ {1})"+^ ^ 1/ X (Pi \ {0})"+\ 

which is induced by the unique isomorphism of ©(/-algebras Ou[ti, ■ ■ ■ ,tn+i] 
Ou{yi, ■. ■, J/ra+i] given hy ti 1 — yi. We have to compute d(_f_^(Z'). We restrict 
to the case e = 0 and j = n + 1, the other cases are similar. Set B = H^{U, Oc) 
and K = Frac(i3) = Frac(A). Then by definition of / the ideal of Z' in 17 x (P^ \ 
{0, oo})"+^ is given by 

\3^ {cf\cG K with cf G B[ti ,... ,t„+i]} • B[ti ,... ,7„+i, -- \ -]. 

tl • ■ • tn-l-l 

Let X be the generic point of a prime correspondence in Cn{C/S, D) and denote by 
x’ G U X (P^ \ {0})" its image under the isomorphism (16.5.11) . Denote by R the 
localization of B[ti,... ,tn+i] with respect to the prime ideal defined by x' x {1} 
and by Vx' '■ Frac(il/(tn+i — 1))^ -G h the valuation defined by x'. Then the 
multiplicity with which the correspondence {x'} occurs in 9"“''^(Z') is equal to 
Vx'{lpR/{tn+i — 1)). (Notice that pi?/(t„+i — 1) is a principal ideal so that the 
latter expression makes sense.) Now if x' dominates C we have K C R so that 
pR = (/) and 

Vx'{pR/{tn+l - 1)) = Vxffitl,.. . ,t„,l)) = Vxfpifitl, . . . ,t„,l))). 

Otherwise there is a point xq G which dominates S and such that x' is the 
generic point of xq x (P^ \ {0, oo})". In this case Vx' extends the valuation Vxo 
defined by xq and if tt G Ou,xo is a local parameter we have 

pR= ./). 

Hence Vx'{pR/{tn+i - 1)) = -Vx'if ) + &n+i,o(/){^- This proves the lemma. □ 

Lemma 6.6. Let f G Qi be non-constant. Then /(l)//(oo) G G{C,D) (see \f.l\ 
for the notation) and Zi,o(/) — Zi_oo(/) = div(/(l)//(oo)). 

Proof. The first part is immediate from Definition 15.21 The second part follows 
from the exact sequence (14.1.11) . Lemma H751 and the definition of Zj ff) in 16.41 □ 
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Definition 6.7. For n > 1 we define NQn{A,V,s) := NQn to be the set of all 
elements in Frac(A[ti,..., tn])^/A^ such that: 

(1) it has a representation f/g with f,gGQn satisfying ©-(HI) below. 

( 2 ) 


PjAf/g) 


Pjf (^ll ■ ■ ■ Aj — ly^Aj+ly ■ ■ ■ yin)) ^ j^x 
Pigi^l ^ ■ ■ ■ Aj—lj 1) ^j+1) ■ • ■ An)) 


for all j € [2,n]. 


(3) 

PjMf/a) ■= 

(4) 


p{f (^1 :■■■'! —1 7 '^7 fj + li ■ ■ ■ 1 tn)) 

Piditl ! • ■ ■ ; —1 I OO, tj + l , . . . , f„)) 


G 


for all j G [1, n]. 


PjAfl9)ll33',e'{flg) G H°{C, 

^C|d)’ 

where (j, e), (j', e') G ([1, n] x {oo}) U ([2, n] x {0}) and we use the notation 
frorn im 


Notice that NQn is a group. We obtain a homological complex 
NQ, : ... ^ NQn ^ NQn-i ^ NQi ^ NQo := Co{C/S, D) ^ 0, 


where 


f fih,- 

■ ■) tn) \ f 

\g{ti,- 

■ ■ ; tn) j 


/(l) 3(a£) ' 


div( 


s(l) fi°°' 


■), 


if n > 2 
if n = 1. 


Corollary 6.8. The isomorphism from Provosition \6.3 induces an isomorphism 


NC,iC/S,D) NQ„ 

where NC,{C/S,D) is the normalized chain complex from Lemma \S.S[ In particu¬ 
lar, by the latter lemma NQ, is homotopy equivalent to C, {C / S, D). 


Proof. Consider the homological complex Cq {C / S, D)®{Q,/A^ )sp with differentials 
as described in Lemma 16.51 ft suffices to show that the normalized complex of 
Co{C/S,D) © ((5,/A^)sP (in the sense of Lemma [3© is equal to NQ,. To this 
end, we take {ot, f /g) G Cq{C/S,D) © ((5„/a1^)®p. We can assume that / and g 
have leading coefficient equal to 1. Assume that di{a, f /g) = 0 for all (j, e) G 
([l,n] X {oo}) U ([2,n] x {0}). By Lemma 1631 this is equivalent to PjAf/g) G A^ 
and a = —Zj^,:{f fg) for all (j, e) G ([l,n] x {oo}) U ([2,n] x {0}). Finally notice 
that under the above conditions 


zaf/g) = Zp,Af/g) 

is by the definition of Zj^,, in 16.41 equivalent to 

div{/3y£(//5)) = div(/3y,,/(//g)) on C. 

Hence l3jAf /g)/l3j',e'{f /g) is a global unit of C. Furthermore since / and g have 
leading coefficient equal to 1 condition o of Definition 15.21 says that / and g map 
to 1 in the residue fields of the generic points of D. Since D is a Cartier divisor, 
it has no embedded components and therefore / = g = 1 on all of D. This gives 

AAf/9)/A,Af/9)^HAC,O^^A- 

We define Oq : NQo —t Co{C/S, D) to be the identity map and for n > 1, 

On : NQn ^ Co{C/S,D) © {Qn/A^^^, f/g ^ {-Z,,Af/g)J/g)- 
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We claim that the diagram 

(6.8.1) NQr,- 


^Co{C/S,D)®{QnlA^YP 

do 

C'o(C/5,i?)©(Q„_iMx)8P 


NQn-1 - 

commutes for all n > 1. It is then clear that 9 induces an isomorphism from NQ, 
to the normalized complex of Co{C/S, D) © {Q,/A^ )8p, which proves the corollary. 
For n = 1 the commutativity of (16.8.11) follows directly from the definition of (5i, 
Lemma 16.51 and Lemma 16.61 For n>2 the commutativity amounts to show 

(6.8.2) - + Zi^o{flg) = -Zi,oo(/(1, ti, • ■., t„-i)/g(l, ti,.. .,tn-i))- 

To this end, let Z S Cq{C/S, D) be a prime correspondence. With the notation 
from 16.41 we compute 

-{-vzifig) + biMf/9)z) + {-vz{f/g) + bifi{f/g)z) 


= -VZ 


= -VZ 


= -\b 


' 1,00 


/(OO, tl, . . ■ , tn — l) 

^(oo, i 1, . . . , 

/(I, OO, ti, . . . , tn—2^ 
^(1, OO, ^1, . . . , ^n—2) 
/(l,tl, . . 


+ VZ 


( /(l,tl, . . 


VZ 


VZ 


,5(1,^l.-- 

■ ; tn—l) J 

f /(1,^1,- 

■ • ; tn—l) 

\g{^,ti,- 

■ ■ , tn—l) 

( /(i,ii,-- 

• 5 ^71 — 1 ) 


tn—l) J z \5(lj^li---i tn—l) , 
where for the second equality we used that f/g has the properties ([3]) and (|1]) of 
Definition O This gives (16.8.21) and finishes the proof. □ 

Lemma 6.9. Assume n > 2 and take f,g € Qn with f/g G NQn- Denote by 
a G A^ the leading coefficient of f and by b € A^ the leading coefficient of g (see 
Definition \5.‘2\} . Then for all (j, e) G ([l,ii] x { 00 }) U ([2,n] x {0}) we have 

C 5 9 2 ) /(ti,..., tj-i, 1 + e, tj+i,..., t„) ^ a ^ ^ ^ ^ ^ ^ ^ 

g(ti,...,tj_i,l + e,tj+i,...,t„) b ^ ^ 


where mi = degj^(/) —deg^. (^i), i G [l,n]. If furthermore Sn{f/g) = 1, then (16.9.11) 
also holds for (j, e) = (1, 0). 


Proof. Write 


and 


Ni N„ 

/= H “ii. 

n—0 271—0 

Ml Mn 

9=J2---J2 

ji=0 j„=0 


, 

''1 




Then 


Ni 


N„ 


/(ti,...,t„_i,oo) = ^ ••• ^ 


2l=0 


Ml 


^(^1 , . . . , 1 1 C > o ) — ^ ^ 

ii^o 


2n-l=0 

Mt,-! 

j„_i=0 


■e 






''1 


^n—1 


and 
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Since n > 2 we can only have an equality Pn,oo{f /g) = Cn,oo S if there exist 
non-negative integers ri S [0,iVi] and Si G such that 

(6.9.2) Gq+ri,.. — Cn,oo ‘ j for all Zl, . . . , Zn— 1 . 

We set mi(n) := Vi — Si. Then plugging in ij = Nj — rj we see that 

^N\—m\{n),...,Nn — m.n{n) ^ A 

By definition of Qn this is only possible if 

(6.9.3) degf..(f) = Ni = M,+ m^(n) = degf.(g) + mi(n), for i G [1,n - 1]. 
Furthermore we get 

jdn^ooif / g^ ('Tl^OO ^N\,...^Nn - djh. 

We can play the same game with Pj oo(f /g) for all j G [l,n] and get similar as in 

(IHim 

Wi(j) = Ni- Ml, for all i G [1, n] \ {j}, j G [1, n]. 

Hence mpj) is constant for i fixed and j running; we set rrii := mi{j). Furthermore 
similar as above we get 

Pj.ooif/g) = a/b, for all j G [l,n]. 

This proves (16.9.11) for {j,e) G [l,n] x {oo}. The equality Pn,o{f/g) = Cn,o G A^ 
implies that there exist non-negative integers r' G [0, Ni] and s' G [0, Mi] such that 

Nn M„ 

^ ^ ^ ^ ,.. .,1^ —^ ,U 1"^^ all il, . . . , in-l- 

2=0 2=0 

If we plug in Nj — r' for the ij’s, the left hand side of the above equality is in A^ 
(by ([T]) and ([2]) of Definition 15.21) . Hence the right hand side is also a unit in this 
case; this is only possible if 

which is only possible if 

Ni — {r'i — s'i) = Mi, for all i G [1, n — 1]. 

Hence r'^ — s] = rrii for i G [1, n — 1]. As above Pi,oo{f /g) = a/h implies , cf. (I6.9.2L 

j a/b • bMi ,.. .,Mn — i if ^ ^ t 

avi.....v„_i,z = < . 

10, it z < m„. 

Hence 


Mn 

a/b-Y: 

2=0 


Mn 


,2+mn 


2 = 0 


= = Cn,0 ' ^Mi,...,Mn-i,2- 


Mn 


2=0 


2=0 


Hence Cn,o = cl/^- Similarly ^j,o{f/g) € implies Pj,o{f/g) = a/b for all j G [2,n] 
and if Sn{f /g) = 1 also for j = 1. Hence the lemma. □ 
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Proof of Theorem \4-4\ We start by showing that H^{C/S,D) = 0, for n>2. Take 
f, 9 ^Qn with f/gG NQn and assume Sn{f /g) = 1- We have to show that f/g lies 
in the image of Sn+i ■ NQn+i —t NQn. To this end we may assume that the leading 
coefficients of f,g are equal to 1. We denote by Ni = degj.(/) and Mi = degf.{g) 
their degrees. Set rm := Ni — Mi. We define 


mt := 


nii, if rrii > 0, 
0, if mi < 0 ’ 


m,- := 


0 , 


if rrii > 0, 


—rrii, if rrii < 0. 


and 


n+1 


(^1; ■ • ■ ; ^n+l) ■— ) ^n+l); 


2=2 


n+1 _ n+1 

+ (tl, . . . ,tn+l) := (J7 ■ / + , ■ • ■ ,tn+l) — (JJ ■ g{t2, . . . ,tn+l). 

i—2 i=2 

Then hi satisfies properties m-m of Definition 15.21 If we set Ri := deg^.{hi), 
then i?i = 1 and Ri = max{+_i, for * G [2, n + 1]. By definition we have 

deg(. (/ 12 ) < Ri and the coefficients of /12 before Y\a=i Y\a =2 zero. 

If we have a tuple { 12 ,... , in+i) G nr=i^[^> which ij < Rj for at least one j, 

and co,i 2 ....,j„+i is the coefficient of /12 in front of 0^=2 > then 

This follows from f,gG Qn and 

min{max{A^j_i — (ij — m~_i)},meix{Mj-i — {ij — m+j^)}} = max{i?j — ij}. 
j -^3 3 

Furthermore condition ([3]) of Definition [O] for /, g clearly implies ?^(co,i 2 ....,i„+i) > 0 
for all V € V. Hence hi — /12 satisfies condition ([T|) - ([3]) of Definition 15.21 Thus 

h := p{hi — / 12 ) G Qn+i- 

We claim 

q := f{t 2 ,...,tn+i)/h{ti , . . . , tyi+l ) G NQn+l. 

Indeed, since f/g£ NQn and Sn{f/g) = I it follows from Lemma EH] that under 
ti I—1 + e the polynomial /12 is mapped to zero, for all i € [2, n + 1] and e G {0, 00 }. 
Hence with the notation from Definition 16.71 we have 

= 1, for all j G [2, n + 1], e G {0, 00 }. 

One checks directly that the same holds for j = 1 and e = 00 . Hence q G NQn+i. 
Finally we observe 

f{ti, ...,tn) 


^n+1 


(9) = 


g{ti, ...,tn)' 

This finishes the prove of Hf{C/S, D) = 0 for f > 2. 

We are left to show that NQi/lm{ 62 ) NQq is quasi-isomorphic to G(C, D) 

Div(C, D). First we claim that for f,g € Qi we have 

/(I) 5(1) 


(6.9.4) 


/(oo) g{oo) 


f/g G Im((52). 
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Indeed, to see this direction we may assume that /(oo) = g{oo) = 1 and that 
n := deg(/) > deg(g) := m. Set 

, N _/fe)_ 

^ P{hfih)-{f{h)-tr^gih))y 

As above one checks that h G NQ 2 and S 2 {h) = f jg- The other direction follows 
immediately from Lemma 16.91 
We define the following map 

if : G{C,D) —>■ NQi/lTa{d 2 ), a i-A p((l — <i) — a) mod Im(d 2 ). 

Notice that is a group homomorphism since /(ti) = — ti) — ab) and g{ti) = 

p((l — ti) — a)p{{l — ti) — h) satisfy the condition on the left of (|6.9.4|) . By 
of (|6.9.4I) (fi is injective. By ’=>’ of (|6.9.4|) and Lemma 16.61 the map ip is also 
surjective. Altogether we see that ip is an isomorphism which clearly fits into the 
following commutative diagram 


GiC,D) 


div 


NQi/lui{S2) 


Si 


■DiY{C,D) 

Lem f4?3] 

NQo. 


This finishes the proof. 


□ 
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